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UNIVERSAL FLATTENING OF FROBENIUS
TAKEHIKO YASUDA
Abstract. For a variety X of positive characteristic and a non-negative inte-
ger e, we define its e-th F-blowup to be the universal flattening of the e-iterated
Frobenius of X. Thus we have the sequence (a set labeled by non-negative in-
tegers) of blowups of X. Under some condition, the sequence stabilizes and
leads to a nice (for instance, minimal or crepant) resolution. For tame quotient
singularities, the sequence leads to the G-Hilbert scheme.
1. Introduction
In this paper, we introduce and study a characteristic-p variant of the higher
Nash blowup introduced in [26]. Let X be a d-dimensional variety over a perfect
field k of characteristic p > 0, Xsm its smooth locus and F
e : Xe → X the e-iterated
k-linear Frobenius. For a point x ∈ Xsm(K), the fiber (F e)−1(x) ⊂ (Xe)K is a 0-
dimensional subscheme of length qd and identified with a K-point of the Hilbert
scheme Hilbqd(Xe) of length q
d subschemes of Xe.
Definition 1.1. We define the e-th F-blowup, FBe(X), to be the closure of the set
{(F e)−1(x) | x ∈ Xsm}
in Hilbqd(Xe).
We will see that there exists a natural morphism πe : FBe(X) → X , which is
projective and is an isomorphism exactly overXsm. Moreover FBe(X) is isomorphic
to the irreducible component of the relative Hilbert scheme Hilbqd(Xe/X) that
dominates X . Equivalently it is isomorphic to the universal flattening of F e :
Xe → X or to the universal flattening of F e∗OXe (for the universal flattening of
a general coherent sheaf, see [21, 22, 25]). The following results can be shown by
similar methods as ones in [26, 27]:
Proposition 1.2. (1) (Propositions 2.9, 2.12, 2.13, 2.14 and 2.16) For each e,
the e-th F-blowup FBe(X) is compatible with e´tale morphisms, completions,
products, smooth morphisms and field extensions.
(2) (Proposition 2.17) At each point x ∈ X, for e ≫ 0, the e-th F-blowup
separates the analytic branches at x.
Given a variety, we obtain a sequence of blowups
X = FB0(X), FB1(X), FB2(X), . . . .
It seems natural to ask the following questions on the asymptotic behavior of this
sequence:
Question 1.3. (1) For e≫ 0, is FBe(X) smooth?
(2) Does the sequence stabilize?
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(3) Is the sequence bounded? Namely, does there exists a proper birational
morphism Y → X such that Y dominates all the FBe(X), e ≥ 0?
We can also ask a variant of the first question:
Question 1.4. Does an iteration of F-blowups
FBe1(X),FBe2(FBe1(X)),FBe3(FBe2(FBe1(X))), . . .
lead to a smooth variety?
We will give partial answers to these questions for certain classes of singularities.
Remark 1.5. We can ask the same questions for the higher Nash blowups. My recent
computation seems say that the answers are negative: The sequence of higher Nash
blowups of A3-singularity probably does not lead to a smooth variety or stabilize
either.
In dimension one, we will obtain the following affirmative result:
Theorem 1.6 (Theorem 2.18). Let X be a one-dimensional variety in positive
characteristic. Then for e≫ 0, FBe(X) is smooth.
Now we restrict our attention to (not necessarily normal) toric singularities.
From the compatibility with e´tale morphisms, it is enough to consider an affine
toric variety X = Spec k[A] for a finitely generated submonoid A ⊂M := Zd which
generates M as a group. Here k is an arbitrary field. Then we define a Frobenius-
like morphism as follows: For l ∈ Z>0, the inclusion A →֒ (1/l) · A induces the
morphism
F (l) : X(l) := Spec k[(1/l) ·A]→ X.
We define FB(l)(X) to be the irreducible component of Hilbld(X(l)/X) which dom-
inates X . If k is a perfect field of characteristic p > 0 and l = pe, then F (l) is the
same as the e-iterated Frobenius and FB(l)(X) = FBe(X).
Remark 1.7. Fujino [10] called the morphism F (l) the l-th multiplication map and
used it to prove vanishing theorems for toric varieties.
We will see that FB(l)(X) is a (non-normal) toric variety. The fan associated to
FB(l)(X) is the Gro¨bner fan of some ideal. Moreover we can give a description of
the coordinate rings of affine charts (Proposition 3.9). Our method of computation
is similar to ones in [6, 13], where the authors compute G-Hilbert schemes. Using
this explicit description of FB(l)(X), we will show the following:
Theorem 1.8. Let X be a toric variety.
(1) (Theorem 3.13) If X is normal, then there exists l0 ∈ Z>0 such that for
every l ∈ Z>0, there exists a natural birational morphism FB(l0)(X) →
FB(l)X, which is an isomorphism if l ≥ l0.
(2) (Theorem 3.14) The sequence of blowups, FB(1)(X), FB(2)(X), . . . , is bounded.
Namely there exists a toric proper birational morphism Y → X which fac-
tors as Y → FB(l)(X)→ X for every l ∈ Z>0.
(3) (Theorem 3.17) If X is normal and two-dimensional, then for l ≫ 0,
FB(l)(X) is the minimal resolution of X. (For a slight generalization, see
Remark 3.19.)
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(4) (Proposition 3.20) If X has only an isolated singularity and the normaliza-
tion X˜ of X is an affine space, then for l ≫ 0, FB(l)(X) is the blowup of
X˜ at the origin.
The F-blowup is also closely related to the G-Hilbert scheme introduced by Ito
and Nakamura [14]. Suppose that a finite group G with p ∤ |G| effectively acts on a
smooth variety M . Let X :=M/G be the quotient variety. The G-Hilbert scheme,
denoted HilbG(M), is the closure of the set of free orbits in the Hilbert scheme of
M .
Theorem 1.9 (Theorem 4.3). For each e, there exists a projective birational mor-
phism HilbG(M) → FBe(X). For sufficiently large e, the morphism is an isomor-
phism.
Thus for every quotient singularity by a tame finite group action, the answer to
the second question of Question 1.3 is affirmative. We have thus obtained a new
interpretation of the G-Hilbert scheme as the universal flattening of Frobenius. We
can easily generalize Theorem 1.9 to Deligne-Mumford stacks (Theorem 4.10).
Thanks to Theorem 1.9, we deduce nontrivial facts on the G-Hilbert scheme
from properties of the F-blowup, and vice versa:
(1) The G-Hilbert scheme depends only on the quotient variety.
(2) Since the G-Hilbert scheme is not generally normal [6], the answer to the
desingularization problem is negative.
(3) If M = A2k and G ⊂ GL(2, k), then the G-Hilbert scheme is the minimal
resolution of X . This is a slight generalization of results in [12, 15, 16] to
groups possibly containing reflections.
(4) If M = A3k and G ⊂ SL(3, k), then for e ≫ 0, FBe(X) is a crepant
resolution, which follows from [2, 19].
To simplify the notation and make it consistent with subsequent works [24, 28],
we consider the Frobenius morphism corresponding to the inclusion map OX →֒
O1/peX of sheaves in this version of the manuscript, while we considered Op
e
X →֒ OX
in the previous versions. Those who have read the previous versions have to be
careful about the notational changes caused by this.
New proofs of some results in this article have been found in [24, 28]. Compared
to them, the proofs in this article are more primitive.
The article is organized as follows. In Section 2 we establish basic properties
of F-blowup and prove the desingularization of a curve. In Section 3 we treat the
toric case and prove main results, which are partial answers to the questions raised
above. In Section 4 we discuss a relation between the G-Hilbert scheme and the
F-blowup.
Convention. A variety means a separated integral scheme of finite type over a
field. A cluster means a zero-dimensional subscheme. We always denote by p the
characteristic of the base field. Given a non-negative integer e, we denote the e-th
power pe of p by q. For a scheme X over a perfect field of characteristic p > 0,
we write Xe = SpecO1/qX . The e-iterated k-linear Frobenius, denoted F e = F eX :
Xe → X , is the morphism corresponding to the inclusion OX →֒ O1/qX . We often
call this simply the e-th Frobenius. For a closed subscheme Z ⊂ X with defining
ideal (sheaf) I, denote by Z [q] the closed subscheme of X defined by the Frobenius
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power I [q], which is generated by the q-th power of the sections of I. We often omit
the subscript k of the fiber product ×k.
Acknowledgments. This work was mainly done in 2007 when I was a JSPS re-
search fellow (PD) at RIMS, Kyoto University. I wish to thank Shigeru Mukai for
stimulating conversations and helpful suggestions. I am also indebted to Akira Ishii
and Yukari Ito for helpful comments concerning the G-Hilbert scheme, and Ken-ichi
Yoshida for ones concerning the Hilbert-Kunz function. During this work, I made
many computations by CoCoA [5] and the function “Toric” [1] implemented in it,
which were very suggestive.
2. Basic properties
Arguments in this section are similar to ones for the higher Nash blowup in
[26, 27]. We work over a perfect field k of characteristic p > 0.
2.1. Construction. Let X be a variety of dimension d and
Γ ⊂ (Xsm)e ×Xsm ⊂ Xe ×Xsm
the graph of the e-th Frobenius of Xsm. Since Γ is a flat family of clusters in Xe
over Xsm, there exists the corresponding morphism of k-schemes,
ι : Xsm → Hilbqd(Xe),
which maps a point x ∈ Xsm(K) to the scheme-theoretic fiber (F e)−1(x) ⊂ (Xe)K .
Note that (F e)−1(x) = ((F e)−1(x)red)
[q].
Lemma 2.1. ι is an immersion.
Proof. Without loss of generality, we may suppose that k is algebraically closed.
Since ι is clearly injective, it suffices to show that for every x ∈ Xsm(k), the map
of the tangent spaces
T ι : TxX → Tι(x)Hilbqd(Xe)
is injective. If x1, . . . , xd ∈ OX,x are local coordinates of X at x, then Γ is locally
defined by the ideal
〈xi ⊗ 1− 1⊗ xi | 1 ≤ i ≤ d〉 ⊂ O1/qX,x ⊗OX,x.
The tangent space TxX is generated by the tangent vectors
ǫi : SpecOX,x/〈x2i , xj | j 6= i〉 →֒ X, i = 1, . . . , d.
The base change of Γ by ǫi is defined by
〈xi ⊗ 1− 1⊗ xi, 1⊗ xj | j 6= i〉 ⊂ O1/qX,x ⊗OX,x/〈x2i , xj | j 6= i〉.
Therefore if we identify Tι(x)Hilbqd(Xe) with
Hom(〈x1, . . . , xd〉,O1/qX,x/〈x1, . . . , xd〉),
then T ι(ǫi) maps xi 7→ −1 and xj 7→ 0, j 6= i (see for instance [8, Proof of Theorem
VI-29]). It follows that the T ι(ǫi), i = 1, . . . , d, are linearly independent, and so T ι
is injective. We have completed the proof. 
Definition 2.2. We define the e-th F-blowup of X , denoted FBe(X), to be the
closure of ι(Xsm).
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Proposition 2.3. The birational map FBe(X) 99K X is extended to a morphism
FBe(X)→ X.
Proof. Let R := FBe(X) and Y ⊂ R × X be the graph closure of the birational
map. We need to show that the projection φ : Y → R is an isomorphism. Again
we may suppose that k is algebraically closed. It is easy to see that φ is bijective.
So it suffices to show that for every closed point y ∈ Y , the map of tangent spaces
Tφ : TyY → Tφ(y)R
is injective. Let x ∈ X and r ∈ R be the images of y. Then OY,y is the subalgebra
of the common quotient field of R and Xe that is generated by OX,x and OR,r. To
obtain a contradiction, suppose that there exists a nonzero tangent vector at y,
ǫ : Spec k[t]/〈t2〉 →֒ Y,
which maps to the zero tangent vector at r. Let ǫ∗ : OY,y ։ k[t]/〈t2〉 be the
map corresponding to ǫ. Since ǫ maps to a nonzero tangent vector at x, there
exists f ∈ OX,x with ǫ∗(f) = t. Let U ⊂ Xe × Y be the family of clusters in Xe
corresponding to φ. Over Xsm ⊂ Y , U coincides with the graph of (Xsm)e → Xsm.
So U is the closure of this graph. Therefore the defining ideal of U has the local
section
f ⊗ 1− 1⊗ f ∈ O1/qX,x ⊗OY,y.
Then, since ǫ∗(f) = t, the pull-back Uǫ of U by ǫ is defined by an ideal of
O1/qX,x ⊗ k[t]/〈t2〉 = O1/qX,x[t]/〈t2〉
which contains f − t. Let Z ⊂ Xe be the cluster corresponding to r. Then
its defining ideal IZ ⊂ O1/qX,x contains f . If we think of TrR as a subspace of
Hom(IZ ,O1/qX,x/IZ), then Tφ(ǫ) maps f to −1 (see for instance [8, Proof of Theo-
rem VI-29] again). Thus Tφ(ǫ) is nonzero, a contradiction. 
Corollary 2.4. For every point Z ∈ (FBe(X))(K) with K/k a field extension, the
cluster Z ⊂ XK := X⊗kK is set-theoretically one K-point and scheme-theoretically
contained in the cluster (Zred)
[q].
Proof. Let Γ ⊂ Xe × X be the graph of the e-th Frobenius. Then the fiber of
the projection Γ → X over x is identical to (F e)−1(x) = ((F e)−1(x)red)[q]. Let
Γ′ ⊂ Xe×FBe(X) be the pull-back of Γ and let U ⊂ Xe×FBe(X) be the universal
family of clusters in Xe over FBe(X). Then we have U = (Γ′)red ⊂ Γ′, which proves
the corollary. 
Proposition 2.5. The X-scheme FBe(X) is isomorphic to the irreducible compo-
nent of the relative Hilbert scheme Hilbqd(Xe/X) that dominates X.
Proof. Consider the graph of FBe(X)→ X ,
G ⊂ FBe(X)×X ⊂ Hilbqd(Xe)×X = Hilbqd(Xe ×X/X),
which is, by definition, isomorphic to FBe(X) as an X-scheme. If Γ ⊂ Xe ×X is
the graph of the e-th Frobenius Xe → X , then we have
Hilbqd(Xe/X) ∼= Hilbqd(Γ/X) →֒ Hilbqd(Xe ×X/X).
Now G and the irreducible component of Hilbqd(Xe/X) determines the same sub-
scheme of Hilbqd(Xe ×X/X), which proves the proposition. 
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Corollary 2.6. The morphism FBe(X)→ X is projective and birational, moreover
an isomorphism over Xsm.
Proof. This follows from Proposition 2.5. 
The relative Hilbert scheme Hilbqd(Xe/X) is canonically isomorphic to the Quot
scheme Quotqd(O1/qX ) of the coherent OX -module O1/qX . Hence FBe(X) is the uni-
versal flattening of O1/qX . For the universal flattening of a general coherent sheaf,
see [21, 22, 25].
2.2. Kunz’s criterion for smoothness. By construction, if X is smooth, for
every e > 0, the morphism FBe(X)→ X is an isomorphism. In fact, the converse
is also true. Kunz’s criterion [17] says that the following are equivalent:
(1) X is smooth.
(2) For some e ∈ Z>0, F eX is flat.
(3) For every e ∈ Z>0, F eX is flat.
Since FBe(X)→ X is a flattening of F eX : X → X , if F eX is not flat, then FBe(X)→
X cannot be an isomorphism. Thus we have:
Proposition 2.7. The following are equivalent:
(1) X is smooth.
(2) For some e ∈ Z>0, FBe(X)→ X is an isomorphism.
(3) For every e ∈ Z>0, FBe(X)→ X is an isomorphism.
This gives a partial answer to Question 1.4:
Corollary 2.8. Let X be a one-dimensional variety and ei, i ∈ Z>0, an infi-
nite sequence of positive integers. Then the sequence, FBe1(X), FBe2(FBe1(X)),
FBe3(FBe2(FBe1(X))), . . . , leads to a smooth variety.
2.3. Compatibility.
2.3.1. E´tale morphism.
Proposition 2.9. If Y → X is an e´tale morphism of varieties, then there exists a
natural isomorphism FBe(Y ) ∼= FBe(X)×X Y .
Proof. We have Ye ∼= Y ×X Xe. Hence Hilbqd(Ye/Y ) ∼= Hilbqd(Xe/X) ×X Y and
the proposition follows. 
2.3.2. Completion. Let X be a variety, K/k a field extension, x ∈ X(K) a K-point
and Xˆ := Spec OˆXK ,x the completion of XK = X ⊗k K at x.
Definition 2.10. We define FBe(Xˆ) to be the union of those irreducible com-
ponents of Hilbqd(Xˆe/Xˆ) that dominate an irreducible component of Xˆ. For an
irreducible component W ⊂ Xˆ, we define FBe(W ) to be the irreducible component
of Hilbqd(Xˆe/X) that dominates W .
By definition, if Wi, 1 ≤ i ≤ l, are the irreducible components of Xˆ , then
FBe(Xˆ) =
⋃l
i=1 FBe(Wi). It is not generally a disjoint union as in the following
example.
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Example 2.11. Suppose that Xˆ is of dimension one and has two regular irreducible
components W1, W2(∼= Spec k[[t]]) intersecting non-transversally. If p = 2, then
FB1(W1) and FB1(W2) share the closed point, which corresponds to the common
subscheme of W1 and W2,
W1 ⊃ Spec k[t]/〈t2〉 ⊂W2.
Proposition 2.12. We have a natural isomorphism
FBe(Xˆ) ∼= FBe(X)×X Xˆ.
Proof. The method of proof is the same as in the proof of Proposition 2.9. 
2.3.3. Product.
Proposition 2.13. For varieties X and Y , there exists a natural isomorphism
FBe(X × Y ) ∼= FBe(X)× FBe(Y ).
Proof. We first prove that there exists a morphism
ψ : FBe(X)× FBe(Y )→ FBe(X × Y ), (V,W ) 7→ V ×W.
Let V ⊂ Xe×FBe(X) andW ⊂ Ye×FBe(Y ) be the universal families over FBe(X)
and FBe(Y ) respectively. Then we consider their product
V ×W ⊂ Xe × Ye × FBe(X)× FBe(Y ),
which we regard as a family of clusters in Xe × Ye over FBe(X) × FBe(Y ). This
family is flat because every fiber has length qdimX+dimY . Moreover the restriction
of this over FBe(Xsm)×FBe(Ysm) is identical to the graph of the e-th Frobenius of
X × Y ,
Xe × Ye = (X × Y )e → X × Y.
Hence we have the desired morphism ψ.
To show that ψ is an isomorphism, we may and shall assume that k is alge-
braically closed again. Being proper and birational, ψ is surjective. Thus every
closed point Z ∈ FBe(X × Y ) is of the from V ×W . If pr1 : X × Y → X and
pr2 : X×Y → Y denote the projections, then pr1(Z) = V and pr2(Z) =W . Hence
ψ is bijective.
Let
ǫ : Spec k[t]/〈t2〉 → FBe(X)× FBe(Y )
be a nonzero tangent vector and ǫX and ǫY its images on FBe(X) and FBe(Y )
respectively. Then ǫX or ǫY , say ǫX is nonzero. Then we have an equality of the
induced first order families,
(V ×W)ǫ = VǫX ×Speck[t]/〈t2〉WǫY .
Hence VǫX , which is a nontrivial family, is the image of (V ×W)ǫ by the projection.
This shows that (V ×W)ǫ is also a nontrivial family and Tψ(ǫ) is nonzero. Thus
the tangent maps of ψ are injective, which completes the proof. 
8 TAKEHIKO YASUDA
2.3.4. Smooth morphism.
Proposition 2.14. Let Y → X be a smooth morphism of varieties. Then we have
a natural isomorphism FBe(Y ) ∼= FBe(X)×X Y .
Proof. The smooth morphism is, e´tale locally on Y , isomorphic to the projection
X×Ac → X . Hence the proposition follows from the compatibility of FBe(−) with
e´tale morphisms and products. 
Remark 2.15. The compatibility with products and smooth morphisms holds not
for the higher Nash blowup, but for the flag higher Nash blowup introduced in [27].
2.3.5. Field extension.
Proposition 2.16. LetK/k be a field extension with K also perfect. Then FBe(XK) ∼=
(FBe(X))K .
Proof. Since F eXK is the base change of F
e
X by the SpecK → Spec k, we have
Hilbqd((XK)e/XK) ∼= Hilbqd(Xe/X)⊗k K,
and the proposition follows. 
2.4. Separation of analytic branches. Suppose that k is algebraically closed.
Let X be a variety, Xˆ the completion of X at x ∈ X(k) and Wi ⊂ Xˆ, 1 ≤
i ≤ l, the irreducible components. Since FBe(Xˆ) =
⋃
i FBe(Wi), for every point
Z ∈ (FBe(Xˆ))(k), there exists i with Z ⊂ (Wi)e. Identifying Wi and (Wi)e, we
have Z ⊂ Wi. If Z 6⊂ Wi ∩ Wj for every i 6= j, where Wi ∩ Wj is the scheme-
theoretic intersection, then the analytic branch containing Z is unique. If for every
Z ∈ (FBe(Xˆ))(k) and for every i 6= j, Z 6⊂ Wi ∩Wj , then FBe(Xˆ) =
⊔
i FBe(Wi),
the disjoint union. If it is the case, we say that the e-th F-blowup separates the
analytic branches at x.
Proposition 2.17. For e ≫ 0, the e-th F-blowup separates the analytic branches
at x.
Proof. Let A :=
⋃
i6=jWi ∩ Wj , which is a closed subscheme of Xˆ of dimension
< d. It suffices to show that for e ≫ 0, every Z ∈ (FBe(Xˆ))(k) satisfies Z 6⊂ A.
From Corollary 2.4, for every Z ∈ (FBe(X))(k), we have Z ⊂ x[q]. It follows that
if Z ⊂ A, then Z ⊂ A ∩ x[q] and
pde = lengthOZ ≤ lengthOA/m[p
e]
A .
Here OZ and OA are the coordinate rings of Z and A respectively, and mA ⊂ OA is
the maximal ideal. The function f(e) = lengthOA/m[p
e]
A is called the Hilbert-Kunz
function. Monsky’s theorem [18] says
f(e) = O(pe·dimA).
So, for e≫ 0, the above inequality does not hold and for every Z ∈ (FBe(Xˆ))(k),
we have Z 6⊂ A. This completes the proof. 
It seems an open problem whether for a scheme T , the Hilbert-Kunz functions of
the local rings OT,t, t ∈ T (k) is bounded from above. If the answer is affirmative,
then for e≫ 0, the e-th F-blowup separates the analytic branches simultaneously at
all points ofX . This can be shown by applying arguments in [26]. The boundedness
of the Hilbert-Kunzmultiplicity is proved by Enescu and Shimomoto [9] under some
condition.
UNIVERSAL FLATTENING OF FROBENIUS 9
2.5. The resolution of singularities of a curve.
Theorem 2.18. Let X be a one-dimensional variety. Then for e≫ 0, FBe(X) is
smooth.
Proof. Let Xˆ be the completion of X at some point as above. From Proposition
2.17, it is enough to consider the case where Xˆ is irreducible. Then Xˆ = SpecR
and its normalization is Y := Spec k[[t]]. The morphism Y → X factors as
Y
he−→ FBe(Xˆ)→ Xˆ.
Suppose now that e is so large that tp
e ∈ R, equivalently t ∈ R1/pe . Then we claim
that the subscheme Z ⊂ Y × Xˆe defined by the ideal
〈t⊗ 1− 1⊗ t〉 ⊂ R1/pe ⊗ k[[t]]
is the family of clusters in Xe over Y corresponding to he. Indeed the restriction of
Z to the generic point is obviously the pullback of the universal family over FB1(X)
to Spec k((t)). Moreover the closed fiber of Z → Y is SpecR1/pe/〈t〉 and has length
pe from [7, Lem. 11.12]. Therefore Z is flat over Y and hence the claim holds.
Let Zǫ ⊂ SpecR1/pe ⊗ k[t]/〈t2〉 be the restriction of Z to the canonical tangent
vector
ǫ : Spec k[t]/〈t2〉 →֒ Y = Spec k[[t]].
Then the induced tangent vector of FBe(X),
The(ǫ) = he ◦ ǫ : Spec k[t]/〈t2〉 →֒ Y → FBe(X),
corresponds to a homomorphism
〈t〉R1/pe → R1/p
e
/〈t〉,
which maps t to −1. In particular, The(ǫ) 6= 0 and hence he is an isomorphism.
We have proved the theorem. 
3. F-blowups of toric varieties
In this section we suppose that k is an arbitrary field, say of characteristic p ≥ 0.
3.1. Toric and Gro¨bner computation of the F-blowup.
3.1.1. Frobenius-like morphisms of toric varieites. Let M = Zd be a free abelian
group of rank d and A ⊂M a finitely generated submonoid which generates M as
an abelian group. The group algebra k[M ] is identified with the Laurent polynomial
ring k[x±1 , . . . , x
±
d ] and k[A] ⊂ k[M ] is a subalgebra. Put X := Spec k[A], which is a
(not necessarily normal) affine toric variety and contains the torus T := Spec k[M ]
as an open subvariety. For l ∈ Z>0, the inclusionsM →֒ (1/l) ·M and A →֒ (1/l) ·A
induce the morphisms of k-schemes,
F
(l)
T : T(l) := Spec k[(1/l) ·M ]→ T, and
F
(l)
X : X(l) := Spec k[(1/l) ·A]→ X.
If k is perfect and if p > 0 and l = pe, then F
(l)
X = F
e
X . In what follows, we simply
write F (l) for both F
(l)
T and F
(l)
X .
The point t := (t1, . . . , td) ∈ TK(K) is defined by the ideal
〈x1 − t1, . . . , xd − td〉K[M ],
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and (F (l))−1(t) by
〈x1 − t1, . . . , xd − td〉K[(1/l)·M ].
Definition 3.1. We define FB(l)(X) to be the closure of {(F (l))−1(t) | t ∈ T } in
the Hilbert scheme Hilbld(X).
Clearly if k is perfect, p > 0 and l = pe, then FB(l)(X) = FBe(X).
Proposition 3.2. (1) There exists a natural projective birational morphism
FB(l)(X)→ X.
(2) FB(l)(X) is isomorphic to the irreducible component of Hilbld(X(l)/X) dom-
inating X.
(3) FB(l)(−) is compatible with open immersions and products.
Proof. These results can be proved in the same way as the corresponding ones for
FBe(X). 
In particular, from the third assertion of the proposition, we need only con-
sider the case where A contains no nontrivial group. (Conversely suppose that
A contains a nontrivial group. Let B ⊂ A be the maximal subgroup and let
a1, . . . , am, b1, . . . , bn be generators of A such that ai /∈ B and bi ∈ B. Then
there exists a subset of {b1, . . . , bn}, say {b1, . . . , bl}, l ≤ n, which generates a
monoid containing no nontrivial group but still generates B as a group. Let A′ be
the monoid generated by a1, . . . , am, b1, . . . , bl, which contains no nontrivial group.
Then k[A] is a localization of k[A′] by an element. Indeed if we put b :=
∑l
i=1 bi,
then k[A] = k[A′][x−b]. Thus the toric variety associated to A is an open subvariety
of the one associated to A′.)
The universal family over T ⊂ FB(l)(X) is the subscheme of T(l) × T defined by
the ideal
〈xa ⊗ 1− 1⊗ xa | a ∈M〉 ⊂ k[(1/l) ·M ]⊗ k[M ].
Let 1 := (1, . . . , 1) ∈ T be the unit point and (F (l))−1(1) its scheme-theoretic
inverse image by F (l). The defining ideal of (F (l))−1(1) as a subscheme of T(l) is
〈x1 − 1, . . . , xd − 1〉k[(1/l)·M ].
Pulling it back to X(l), we obtain the defining ideal of it as a subscheme of X(l),
al := k[(1/l) · A] ∩ 〈x1 − 1, . . . , xd − 1〉k[(1/l)·M ].
Lemma 3.3. Let a, b ∈ (1/l) ·A be such that a− b ∈M . Then xa − xb ∈ al.
Proof. We have
xa−b − 1 ∈ 〈x1 − 1, . . . , xd − 1〉k[M ] ⊂ 〈x1 − 1, . . . , xd − 1〉k[(1/l)·M ].
Therefore
xa − xb = xb(xa−b − 1) ∈ 〈x1 − 1, . . . , xd − 1〉k[(1/l)·M ].
On the other hand, we obviously have xa − xb ∈ k[(1/l) · A], which proves the
lemma. 
We will see below (Proposition 3.6) that binomials as in the lemma generate al.
In particular, al is a binomial ideal in k[A].
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3.1.2. Distinguished clusters, Gro¨bner bases and Gro¨bner fans. For the Gro¨bner
basis theory, we refer the reader to [23]. In particular, for Gro¨bner bases in the
monoid algebra k[A], see Chapter 11, ibid.
Let N := M∨ = Homab.gp.(M,Z) be the dual abelian group of M and put
MR := M ⊗ R and NR := N ⊗ R. Let AR ⊂ MR be the cone spanned by A and
A∨
R
⊂ NR the dual cone. For a Laurent polynomial f ∈ k[M ] and a weight vector
w ∈ NR, we define the initial form, Inw f , as usual. For an ideal c ⊂ k[A], the initial
ideal, Inw c ⊂ A, is the ideal generated by Inw f , f ∈ c. For a total monomial order
> on k[A], we similarly define the initial term, In> f , and the initial ideal, In> c.
Definition 3.4. Let c ⊂ k[(1/l) · A] be an ideal, w ∈ NR a weight vector and > a
total monomial order on k[A]. A subset I ⊂ c is called a Gro¨bner basis of c with
respect to > (resp. w) if In> c = 〈In> f | f ∈ I〉 (resp. Inw c = 〈Inw f | f ∈ I〉).
Unlike the standard terminology, we do not assume that I is finite.
A Gro¨bner basis I of c with respect to some weight vector w is also a usual basis
of c.
Having the torus action derived from the one on X , FB(l)(X) is also a toric
variety and so determines a fan ∆A,l with |∆A,l| = A∨R . (Note that the fan does
not determine X , because X may not be normal.) For a cone σ ∈ ∆A,l, we denote
by Uσ ⊂ FB(l)X the corresponding affine open toric subvariety. We also denote by
relintσ the relative interior of σ. For w ∈ relintσ ∩N , let
λw : Gm → T
be the corresponding one-parameter subgroup (see [11, §2.3]). Then the distin-
guished point of Uσ corresponds to the limit cluster
Zσ := lim
t→0
(F (l))−1(λw(t)).
Hence Zσ ⊂ X has the defining ideal bσ := Inw al. For a nice explanation of this
fact, we refer the reader to [7, §15.8]. Our situation is a little more general than the
one in ibid. However the same arguments can apply. As a consequence, we obtain:
Proposition 3.5. The fan ∆A,l is the Gro¨bner fan of al.
Proposition 3.6. For every w ∈ relintA∨
R
, there exists a finite subset of
Λ := {xa − xb|a, b ∈ (1/l) · A, a− b ∈M}
which is a Gro¨bner basis of al with respect to w. Hence Λ is also a Gro¨bner basis
of al with respect to w.
Proof. We just apply the extrinsic computation of Gro¨bner bases [23, Algorithm
11.24], which goes as follows: Let φ : k[y
1/l
1 , . . . , y
1/l
n ]→ k[(1/l)·A] be a surjective k-
algebra homomorphism which sends y
1/l
i to monomial generators of k[(1/l) ·A]. We
give an R≥0-grading to k[(1/l)·A] by the weight vector w and one to k[y1/l1 , . . . , y1/ln ]
so that φ preserves degrees. The grading determines a partial order >w on the set
of monomials of k[y
1/l
1 , . . . , y
1/l
n ].
Put IA := kerφ, which is an ideal generated by finitely many binomials
g1 = y
c1 − yd1, . . . , gs = ycs − yds ∈ k[y1/l1 , . . . , y1/ln ].
Consider the ideal
J := IA + 〈y1 − 1, . . . , yn − 1〉.
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This has a basis
(1) {g1, . . . , gs, gs+1 := y1 − 1, . . . , gs+n := yn − 1}.
Now choose a total monomial order > on k[y
1/l
1 , . . . , y
1/l
n ] which refines >w. We
apply Buchberger’s algorithm to the basis (1) to find a Gro¨bner basis of J with
respect to >. For the basis (1), for every 1 ≤ i ≤ s + n, we have φ(gi) ∈ Λ.
This property of a basis is preserved in each step of the algorithm: Taking an S-
polynomial and each step of the division algorithm. In particular, the output has
also this property. Let {h1, . . . , ht} be the output. Then {h1, . . . , ht} is a Gro¨bner
basis also for<w (see for instance [23, Corollary 1.9]). Hence {φ(h1), . . . , φ(ht)} ⊂ Λ
is a Gro¨bner basis of al with respect to w. 
Lemma 3.7. For a d-dimensional cone σ ∈ ∆A,l, bσ = Inw al is a monomial ideal.
Namely it is generated by some monomials in k[(1/l) ·A].
Proof. Let J be as in the proof of Proposition 3.6. Then there exists a finite
universal Gro¨bner basis {f1, . . . , fs} of J , that is, a Gro¨bner basis for every total
monomial order (see [23, Corollary 1.3]). Then {φ(f1), . . . , φ(fs)} is a Gro¨bner
basis of al with respect to every w ∈ relintA∨R . Since σ is d-dimensional, there
exists w ∈ relintσ such that for every i, Inw φ(fi) is a monomial. It follows that
bσ = Inw al is generated by the monomials Inw φ(fi). 
Lemma 3.8. Let σ ∈ ∆A,l be a d-dimensional cone, Bσ ⊂ (1/l) · A the subset
corresponding to the monomial ideal bσ, w ∈ relintσ and
Λσ := {xa − xb ∈ Λ | xa − xb 6= 0, b /∈ Bσ}.
Then there exists a finite subset of Λσ which is a Gro¨bner basis of al with respect
to w. Hence Λσ is also a Gro¨bner basis of al with respect to w.
Proof. Let > be a total monomial order on k[(1/l) · A] which refines >w. There
exists a unique reduced Gro¨bner basis of al for > [23, Lemma 11.13], which is
contained in Λσ by definition. 
3.1.3. Coordinate rings of affine charts of FB(l)(X). Suppose that A contains no
nontrivial group, equivalently, A∨
R
is d-dimensional. Then the affine open subvari-
eties Uσ associated to the d-dimensional cones σ ∈ ∆A,l form an open covering of
FB(l)(X). The following proposition gives an explicit expression of the coordinate
rings of Uσ.
Proposition 3.9. Let σ ∈ ∆A,l be a d-dimensional cone, w ∈ relintσ and I ⊂ Λσ
a Gro¨bner basis with respect to w. Then the coordinate ring of Uσ is
k[Uσ] = k[x
a−b | xa − xb ∈ I] = k[xa−b | xa − xb ∈ Λσ].
Proof. We first claim that for xa − xb ∈ Λσ, w(a) > w(b). Indeed, on the contrary,
if w(a) ≤ w(b), then Inw(xa − xb), which is an element of bσ, is either xa − xb or
xb. Since bσ is a monomial ideal, we have x
b ∈ bσ, which is a contradiction.
Hence the set
{a− b | xa − xb ∈ I}
is contained in the half space {w > 0} ⊂ MR. Put R := k[xa−b | xa − xb ∈ I]. It
follows that
m := 〈xa−b | xa − xb ∈ I〉 ⊂ R
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is a maximal ideal. Let S := SpecR, s ∈ S the closed point defined by m and
Z ⊂ X(l) × S the subscheme defined by the ideal
z := 〈xa ⊗ 1− xb ⊗ xa−b | xa − xb ∈ I〉 ⊂ k[(1/l) · A]⊗R.
By construction, the fiber of Z → S over s has the defining ideal
z · k[(1/l) ·A] = z · (k[(1/l) · A]⊗R/m) = 〈xa | xa − xb ∈ I〉 = Inw al = bσ.
Thus the fiber is in fact Zσ. Then since x
−b⊗ 1 is invertible in k[(1/l) ·M ]⊗ k[M ],
z · (k[(1/l) ·M ]⊗ k[M ]) = 〈xa−b ⊗ 1− 1⊗ xa−b | xa − xb ∈ I〉.
Combining these, we see that Z is a flat family which generically coincides with
the graph of F
(l)
T .
From the universality of the Hilbert scheme, we have the birational morphism
ψ : S → Uσ corresponding to the family Z. We will show that ψ is an isomorphism.
To do this, we need only to show that the map of the tangent spaces
Tψ : TsS → TZσUσ ⊂ TZσ Hilbld(X(l)) = Hom(bσ, k[(1/l) · A]/bσ)
is injective. Let (xav−bv )v∈V be a minimal set of generators of R with x
av−xbv ∈ I.
Then the immersions
ǫv : Sv := SpecR/〈x2av−2bv , xau−bu | u ∈ V \ {v}〉 →֒ S, v ∈ V
are tangent vectors which are a basis of TsS. Let Zv ⊂ X(l)× Sv be the restriction
of the family Z to Sv. It is defined by the ideal
〈xa⊗1−xb⊗xa−b | xa−xb ∈ I〉 ⊂ k[(1/l)·A]⊗(R/〈x2av−2bv , xau−bu | u ∈ V \{v}〉).
Hence for v, u ∈ V ,
(Tψ(ǫv))(x
au ) =
{
xbv (v = u)
0 (v 6= u).
Note that xbv are nonzero elements in k[A]/bσ, and hence Tψ(ǫv) are nonzero
maps. Moreover from the above explicit expression, Tψ(ǫv), v ∈ V , are linearly
independent. Hence Tψ is injective and so ψ is an isomorphism, which completes
the proof. 
A similar assertion for the G-Hilbert scheme was proved by Craw, Maclagan and
Thomas [6, Theorem 5.2].
3.2. Stability of the F-blowup sequence for a normal toric variety. In this
subsection, we suppose that X is normal. Fix an identification M = Zd and give
the standard Euclidean metric to MR = R
d. Let a1, . . . , am ∈ A be the Hilbert
basis, that is, the unique minimal set of generators. Then the ideal
m := 〈xa1 , . . . , xam〉 ⊂ k[A]
is the maximal ideal defining the distinguished point of X . Set
Θ :=
m⋃
i=1
(AR + ai) ⊂ AR.
The ideal
ml := m · ((1/l) ·A) = 〈xa1 , . . . , xam〉k[(1/l)·A] = k[Θ ∩ (1/l) ·M ]
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defines the fiber of F
(l)
X : X(l) → X over the distinguished point. For every d-
dimensional cone σ ∈ ∆A,l,
ml ⊂ bσ and Θ ∩ (1/l) ·M ⊂ Bσ.
Let D ∈ R>0 be the diameter of AR \Θ, that is,
D := sup{|a− b| | a, b ∈ AR \Θ}.
Denote by M≤D the finite set of the lattice points a ∈ M with |a| ≤ D. Choose
a weight vector w ∈ A∨
R
∩ N such that for every a ∈ M≤D \ {0}, w(a) 6= 0. Set
Mw+≤D := {a ∈M≤D|w(a) > 0} and
Ξ := Θ ∪ {a ∈ AR|∃b ∈ AR, a− b ∈Mw+≤D}.
The following figures illustrate things introduced above in some two-dimensional
case:
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Lemma 3.10. Let > be a total order on M refining the partial order determined
by w. Then
Ξ = {a ∈ AR | ∃b ∈ AR, a− b ∈M, a > b}.
Proof. Denote by Ξ′ the right hand side. Obviously Ξ ⊂ Ξ′. Let a ∈ Ξ′ and b ∈ AR
be such that a− b ∈M and a > b. We will show that a ∈ Ξ. If necessary, replacing
b, we may suppose that b /∈ Θ. If |a − b| > D, then a ∈ Θ ⊂ Ξ. Otherwise, by
definition, a ∈ Ξ. Thus in any case, a ∈ Ξ. We have proved the lemma. 
Lemma 3.11. Suppose that w is in relintσ for a d-dimensional cone σ ∈ ∆A,l.
Then Bσ = Ξ ∩ (1/l) ·M .
Proof. Let > be a total order on (1/l) ·A refining the partial order determined by
w. Then
Bσ = {a ∈ (1/l) · A | ∃b ∈ (1/l) ·A, a− b ∈M, a > b} = Ξ ∩ (1/l) ·M.

We define Lw ⊂M to be the submonoid generated by
L′w := {c ∈Mw+≤D | ∃a ∈ AR, ∃b ∈ AR \ Ξ, a− b = c}.
Since ai ∈ L′w, we have A ⊂ Lw.
Proposition 3.12. Suppose that w ∈ relintσ for a d-dimensional σ ∈ ∆A,l. Then
k[Uσ] ⊂ k[Lw]. Moreover if l is sufficiently large, then k[Uσ] = k[Lw].
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Proof. Let {a1, . . . , am} be the Hilbert basis of A as above. Then there exists a
subset
I := {xa1 − 1, . . . , xam − 1, xam+1 − xbm+1 , xam+2 − xbm+2 , . . . } ⊂ Λσ
which is a Gro¨bner basis with respect to w. If necessary, replacing bi, we may
suppose that bi /∈ Θ for every i. Indeed if bi /∈ Θ, then bi = b′i + aj for some
1 ≤ j ≤ m and b′i ∈ (1/l) ·A. Then we can replace xai − xbi in I with
(xai − xbi) + xb′i(xaj − 1) = xai − xb′i .
Repeating this replacement iteratively, we obtain such a Gro¨bner basis I with
bi /∈ Θ.
If for some i > m, |ai − bi| > D, then
xai ∈ ml = 〈xa1 , . . . , xam〉k[(1/l)·A].
Since it does not contribute to generation of bσ, we may remove all such binomials
from I. From Proposition 3.9,
k[Uσ] = k[x
a−b | xa − xb ∈ I] ⊂ k[Lw].
Let c ∈ L′w, a ∈ AR and b ∈ AR \ Ξ be such that a− b = c. If l ≫ 0, then there
exists δ ∈ AR such that b+ δ ∈ (1/l) ·A \ Ξ. Then xa+δ − xb+δ ∈ Λσ and
xc = x(a+δ)−(b+δ) ∈ k[Uσ].
Thus k[Lw] ⊂ k[Uσ], which completes the proof. 
Theorem 3.13. Let X be a normal toric variety. Then there exists l0 ∈ Z≥0 such
that for every l ∈ Z>0, there exists a natural birational morphism FB(l0)(X) →
FB(l)(X), which is an isomorphism if l ≥ l0.
Proof. Gluing the Spec k[Lw], we obtain a toric variety Y . The maps k[Uσ] →֒ k[Lw]
induces a birational morphism Y → FB(l)(X) for every l, which is an isomorphism
for sufficiently large l. 
3.3. Boundedness of the F-blowup sequence for a non-normal toric vari-
ety.
Theorem 3.14. Let X be a (not necessarily normal) toric variety. Then there
exists a toric proper birational morphism Y → X such that for each l ∈ Z>0, it
factors as Y → FB(l)(X)→ X.
Proof. The proof of the theorem is similar to that of Proposition 3.12. Again
we may suppose that X = Spec k[A] and A contains no nontrivial group. Let
a1, . . . , am ∈ A be the Hilbert basis and letMA,l ⊂ (1/l)·A be the set corresponding
to ml = m · ((1/l) · A). Explicitly, we have
MA,l =
⋃
i
((1/l) ·A+ ai) = {
∑
i
niai | ni ∈ (1/l) · Z≥0 and ∃i, ni ≥ 1}.
Then the set
Ω :=
⋃
l≥1
(1/l) ·A \MA,l ⊂ {
∑
i
niai | ni ∈ Q≥0, ni < 1}
is bounded. Denote by D the diameter of Ω and define M≤D and M
w+
≤D as in the
preceding subsection. Then for a generic w ∈ A∨
R
, if σ ∈ ∆A,l is a d-dimensional
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cone with w ∈ relintσ, by a similar argument as the proof of Proposition 3.12, we
can show
k[Uσ] ⊂ k[Mw+≤D ].
We now claim that the affine toric varieties Spec k[Mw+≤D] are glued together and
become a toric variety which is proper and birational over X . Once it is shown,
the theorem immediately follows.
For a generic w ∈ A∨
R
, the set Cw := {w′ ∈ A∨R | ∀a ∈ Mw+≤D , w′(a) ≥ 0} is a
d-dimensional rational polyhedral cone. Conversely for an interior point w′ of Cw,
we have Mw+≤D = {a ∈ M≤D | w′(a) > 0}. As w varies, the cones Cw form a fan
∆ with |∆| = A∨
R
. If Cw1 and Cw2 share a facet with the supporting hyperplane
{w | w(a) = 0} for a primitive element a ∈M≤D, then the ring k[Mw1+≤D ∪ {±a}] =
k[Mw2+≤D ∪ {±a}] is localizations both of k[Mw1+≤D ] and of k[Mw2+≤D ]. Hence we can
glue Spec k[Mw1+≤D ] and Spec k[M
w2+
≤D ] along Spec k[M
wi+
≤D ∪ {±a}]. Thus we can
glue all the Spec k[Mw+≤D] together in a compatible way and obtain a toric variety
Y . This proves the above claim and finishes the proof. 
3.4. A two-dimensional normal toric singularity. Now suppose that X =
Spec k[A] is normal and two-dimensional. The fan ∆min.res. associated to the min-
imal resolution of X is described as follows. Let H ⊂ NR = R2 be the convex hull
of (A∨
R
∩ N) \ {0}. Then the one-dimensional cones of ∆min.res. is the half-lines
through the lattice points on the boundary of H . (See [11, §2.6]).
Choose a two-dimensional cone τ ∈ ∆min.res. and fix an identification N = Z2 so
that τ is spanned by (1, 0) and (0, 1). Then the cone A∨
R
is spanned by (−s, t) and
(u,−v) for some s, t, u, v ∈ Z≥0 such that gcd(s, t) = gcd(u, v) = 1. Moreover we
may and shall assume that s < t and u > v.
Suppose that M = Z2 is the dual of N = Z2 in the standard way: The bilinear
formM ×N → Z is given by 〈(a, b), (c, d)〉 = ac+ bd. Then AR is spanned by (v, u)
and (t, s). In particular, AR is contained in the first quadrant R
2
≥0 and contains
(1, 1).
For each l ∈ Z>0, we fix a weight vector w = wl ∈ relintA∨R ∩N as follows: Put
w := (n, n + 1) for n ≫ 0 so that w ∈ relintσ for some two-dimensional cone σ of
∆A,l.
Proposition 3.15. For l≫ 0, k[Uσ] = k[x1, x2]. In particular, we have σ = τ .
Proof. First, if (t, s) = (1, 0) and (v, u) = (0, 1), then X is an affine plane and the
proposition clearly holds.
Next, suppose that either s > 0 or v > 0, say s > 0. Let c1, c2 ⊂ MR be the
1-dimensional cones spanned by (t, s) and (v, u) respectively. Put
Q1 :=
(
ut
ut− vs ,
us
ut− vs
)
∈ c1
Q2 :=
(
vt
ut− vs ,
ut
ut− vs
)
∈ c2
R1 := Q1 − (1, 0) =
(
vs
ut− vs ,
us
ut− vs
)
∈ c2
R2 := Q2 − (0, 1) =
(
vt
ut− vs ,
vs
ut− vs
)
∈ c1.
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Let Ξ be as in §3.2. By definition, Qi ∈ Ξ, i = 1, 2.
Claim 3.16. There is no point S ∈ AR except R1 such that w(Q1) ≥ w(S) and
Q1−S ∈M . Similarly there is no point S ∈ AR except R2 such that w(Q2) ≥ w(S)
and Q2 − S ∈M .
Proof of the claim. We give only a proof of the first assertion. A proof of the second
assertion is similar. Let P be the intersection of c2 and the line through Q1 with
the slope −nn+1 , and let O be the origin.
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If such S existed, since w(Q1) ≥ w(S), S would be in the triangle OPQ1. Since
Q1 − S is none of (±1, 0), (0,±1) and (±1,±1), we have |Q1 − S| ≥ 2. But since
|Q1 −R1| < 2 and |P −Q1| < 2, S is not in the triangle PR1Q1. (Concerning the
second assertion of the claim, if we define P ′ ∈ c1 to be the intersection of c1 and
the line through Q2 with the slope
−n
n+1 , then since s > 0, |P ′ − Q2| <
√
2. But
Q2 − S is none of (±1, 0) and (0,±1). Thus S is not in the triangle P ′R2Q2.)
Then we will show that S is not in the triangle △ := OR1Q1 either. First
translate △ so that Q1 maps to the origin. Then rotate clockwise it 90◦ around the
origin and get a new triangle, denoted △¯. This fits into the fan ∆min.res. as follows:
✲
✻
a
b
t
t
(u,−v)
❍❍❍❍❍❍
PPPPPPPPPPPP
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
❆
t
t
t(−s, t)
❅
❅
❅
❅
❅
❅
❅
❅
❅
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏
❏❏
PP
PP
PP
PP
PP
PPPPP
b = −(u/v)a+ 1
(0, 1) =: C
(1, 0)
△¯
t
T
O
If we denote by T the intersection of the lines {b = −(t/s)a} and {b = −(v/u)a+
1} and put C := (0, 1), then △¯ is the triangle OTC. By the description of ∆min.res.,
there is no lattice point in △¯ except O and C. Therefore S is not in △. This
completes the proof of the claim. 
We next claim that R2 /∈ Ξ. If this was not the case, there would exist V ∈ AR
such that w(R2) ≥ w(V ) and R2−V ∈M . Since Q1−R2 ∈ AR, V +Q1−R2 ∈ AR.
Moreover we have
w(Q1) ≥ w(V +Q1 −R2),
V +Q1 −R2 /∈ c2, (in particular, V +Q1 −R2 6= R1) and
Q1 − (V +Q1 −R2) = R2 − V ∈M.
From Claim 3.16, the point V +Q1 −R2 does not exist, a contradiction.
Let L′w and Lw be as in §3.2. We have (0, 1) = Q2−R2 ∈ Lw. Similarly (1, 0) ∈
Lw. From Proposition 3.12, k[x1, x2] ⊂ k[Uσ] = k[Lw]. Now to show k[Uσ] =
k[x1, x2], it suffices to show that for every c, d ∈ Z>0, we have (c,−d), (−d, c) /∈ L′w.
On the contrary, suppose that either (c,−d) ∈ L′w or (−d, c) ∈ L′w, say W :=
(c,−d) ∈ L′w. Then by definition, there exists E ∈ AR with E −W ∈ AR \ Ξ. It is
easy to see that there exists G ∈ AR such that E − G ∈ c1 and E −W −G ∈ c2.
As in the following figure, |E −G−W | > |Q2|.
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✲
✻
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂✂
✑
✑
✑
✑
✑
✑
✑
✑
✑
✑
✑
✑
✑
✑✑
c1
c2
rQ2
rR2
1
d
c
W
W
O
E −G
r
rE −G−W
◗
◗
◗
◗
◗
◗
◗
◗◗s
◗
◗
◗
◗
◗
◗
◗
◗◗s
Therefore E −W −G ∈ Ξ and hence E −W ∈ Ξ. This is a contradiction. We
have completed the proof. 
The following is a direct consequence of the above proposition.
Theorem 3.17. Let X be a normal two-dimensional toric variety. Then for l≫ 0,
FB(l)(X) is the minimal resolution of X.
Remark 3.18. In Section 4, comparing the G-Hilbert scheme and the F-blowup, we
will prove a similar result, which is however valid only for tame quotient singulari-
ties.
Remark 3.19. A slight change in the arguments gives more. Suppose that X is a
two-dimensional (not necessarily normal) toric variety and has an isolated singu-
larity, and that the normalization of X is NOT smooth. Then for l≫ 0, FB(l)(X)
is the minimal resolution. Compare this with Proposition 3.20.
3.5. An isolated singularity whose normalization is smooth.
Proposition 3.20. Suppose that X = Spec k[A] has an isolated singularity and
the normalization X˜ of X is smooth, so X˜ ∼= Ad. Then for l≫ 0, FB(l)(X) is the
blowup of X˜ at the origin.
Proof. We may suppose that A ⊂ Zd≥0 and that Ac := Zd≥0 \ A is finite. Let
ei := (0, . . . ,
i
1˘, . . . , 0) be the i-th generator of Zd≥0. For l≫ 0, we have (1/l) ·Ac ⊂
[0, 1]d ⊂ Rd. Then ei ∈ (1/l) · A and xi − 1 ∈ al. Therefore for any weight vector
w ∈ relintA∨
R
∩ N = Zd>0, we have xi ∈ Inw al. Let d ⊂ Inw al be the ideal of
k[(1/l) ·A] generated by xi, i = 1, . . . , d. The corresponding subset of (1/l) · A is
(1/l) ·A \
(
{0/l, 1/l, . . . , (l − 1)/l}d ∪
d⋃
i=1
(1/l) · (Ac) + ei
)
.
Suppose that for some i0, w(ei0) < w(ei), 1 ≤ i ≤ d, i 6= i0. Then for b ∈ Ac and
1 ≤ i ≤ d, i 6= i0, we have xei+b/l − xei0+b/l ∈ al. So xei+b/l ∈ Inw al. Hence if we
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define a semigroup H by
H := (1/l) ·A \ ({0/l, 1/l, . . . , (l − 1)/l}d ∪ (1/l) · (Ac) + ei0),
then we have the inclusion of ideals k[H ] ⊂ Inw al. But since k[(1/l) ·A]/k[H ] has
length ld, we have Inw al = k[H ]. Now it is easy to see that w ∈ relintσ for some
d-dimensional cone σ ∈ ∆A,l and k[Uσ] = k[xei0 , xei−ei0 | 1 ≤ i ≤ d, i 6= i0]. This
proves the proposition. 
3.6. The Whitney umbrella. Put
Z2≥0 ⊇ A := {(0, n) | n ∈ 2Z≥0} ∪ {(l,m) | l ∈ Z>0, m ∈ Z≥0}.
Then A is a submonoid. The toric singularity X := Spec k[A] is known as the
Whitney umbrella. It is defined by the equation x2z−y2 = 0 as a subvariety of A3k.
It is not an isolated singularity, but the normalization X˜ of X is an affine plane.
Proposition 3.21. (1) For even l ≥ 2, FB(l)(X) ∼= A2k.
(2) For odd l ≥ 3, FB(l)(X) is the blowup of A2k at the origin.
Proof. (1) We have x1−1, x2−1 ∈ al. From this, x1, x2 ∈ Inw a for any weight
vector w ∈ Z2>0. Since the ideal 〈x1, x2〉 ⊂ k[(1/l) · A] has colength l2, we
have Inw a = 〈x1, x2〉. Therefore the fan ∆A,l consists of A∨R and all its
faces. From Proposition 3.9, FB(l)(X) = Spec k[x1, x2] = A
2
k.
(2) We first observe
x1 − 1, x22 − 1, x1/l1 x2 − x1/l1 , x1/l1 x(l+1)/l2 − x1/l1 x1/l2 , x1xa/l2 − x(l+a)/l2 ∈ al,
where a runs over the positive odd numbers. If x1 >w x2, then
Inw a = 〈x1, x22, x1/l1 x2, x1/l1 x(l+1)/l2 , x1xa/l2 | a runs over positive odd numbers〉.
Hence for σ ∈ ∆A,l with w ∈ relintσ, we have k[Uσ] = k[x2, x1x−12 ]. If
x1 <w x2, then
Inw a = 〈x1, x22, x1/l1 x2, x1/l1 x(l+1)/l2 , x1+a/l2 | a runs over positive odd numbers〉,
and k[Uσ] = k[x1, x
−1
1 x2]. We have proved the assertion.

Thus for a non-normal toric variety X , the sequence FB(1)(X), FB(2)(X), . . . ,
does not generally stabilize. However at least for the Whitney umbrella, if k is
a perfect field of characteristic p > 0, then the sequence FB1(X), FB2(X), . . . ,
stabilizes (to different toric varieties depending on whether p is even or not.).
4. G-Hilbert scheme vs. F-blowup
In this section, we suppose that k is an algebraically closed field of characteristic
p > 0.
4.1. Global quotients. Let M be a smooth variety of dimension d and G a finite
group with p ∤ |G|. Suppose that G acts on M effectively. The G-Hilbert scheme,
denoted HilbG(M), is the closure of the set of free orbits in Hilb|G|(M).
Lemma 4.1. There exists a natural immersion
HilbG(M) →֒ Hilb|G|·qd(Me)
Z 7→ (F eM )−1(Z).
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Proof. For simplicity, we give the proof only for the case where M is affine, say
M = SpecR. The proof for the general case is similar. Let Z ⊂ M × HilbG(M)
be the universal family of G-clusters and Ze ⊂ Me × HilbG(M) its pull-back by
the morphism Me × HilbG(M) → M × HilbG(M). Since the last morphism is
flat, Ze is a flat family over HilbG(M). We have the corresponding morphism
ι : HilbG(M) → Hilb|G|·qd(Me), which is clearly injective. Consider a nonzero
tangent vector
ǫ : Spec k[t]/〈t2〉 → HilbG(M),
say at a G-cluster Z ∈ HilbG(M). Let IZ ⊂ R be the defining ideal of Z. Then ǫ
corresponds to a map
ǫ′ : IZ → R/IZ .
Let Zǫ ⊂M×Spec k[t]/〈t2〉 be the pull-back of Z by ǫ and J ⊂ R[t]/〈t2〉 its defining
ideal. If f + gt ∈ J , f ∈ IZ , g ∈ R, then ǫ′(f) is g modulo IZ . Since ǫ′ is a nonzero
map, there exist f0 ∈ IZ and g0 ∈ R \ IZ with f0 + g0t ∈ J .
Let Ze,ǫ ⊂Me × Spec k[t]/〈t2〉 be the pull-back of Ze by ǫ. This corresponds to
the image ǫ¯ of the tangent vector ǫ on Hilb|G|·qd(Me). The defining ideal of Ze,ǫ is
J · R1/q[t]/〈t2〉. The ǫ¯ corresponds to a map
IZR
1/q → R1/q/IZR1/q.
Since f0 + g0t ∈ J · R1/q[t]/〈t2〉, the map sends f0 to g0. Since R1/q is flat over R,
IZR
1/q ∩R = IZ . Hence g0 /∈ IZR1/q. It follows that ǫ¯ is a nonzero tangent vector.
This shows that ι is an immersion. 
Proposition 4.2. Put X :=M/G. For every e, the natural morphism HilbG(M)→
X factors as
HilbG(M)→ FBe(X)→ X
and the map
HilbG(M)→ FBe(X)
sends a G-cluster Z ⊂ M to the cluster (F e)−1(Z)/G ⊂ X. (In general, the
quotient variety X is not a scheme but only an algebraic space. But it will not
cause any problem.)
Proof. We first note that (F e)−1(Z)/G has the expected length qd. Indeed (F e)−1(Z)
has length qd · |G| and H0(O(F e)−1(Z)) is, as a G-representation, isomorphic to
the direct sum of qd copies of the regular representation. Hence the length of
(F e)−1(Z)/G is dimkH
0(OZ[q])G = qd.
Let Ze ⊂ Me × HilbG(M) be as above. Then Ze/G ⊂ Xe × HilbG(M) is a
flat family which generically parameterizes (F e)−1(x), x ∈ Xsm. Now from the
universality, we obtain the desired morphism HilbG(M)→ FBe(X). 
Theorem 4.3. For sufficiently large e, the morphism HilbG(M)→ FBe(X) is an
isomorphism. If G is abelian, then q > |G| is sufficient for the assertion to hold.
Proof. Let φ denote the morphism HilbG(M) → FBe(X). We first show that
φ is injective. Take two distinct G-clusters Z,Z ′ ∈ HilbG(M). If Zred 6= Z ′red,
then φ(Z) 6= φ(Z ′). So we may suppose that Zred = Z ′red. Choose a point
m ∈ Zred = Z ′red and connected components Y ⊂ Z and Y ′ ⊂ Z ′ with Yred =
Y ′red = m. Let Mˆ = Spec k[[x1, . . . , xd]] be the completion of M at m. We de-
note closed subschemes of Mˆ corresponding to Y and Y ′ by the same letters. Let
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IY , IY ′ ⊂ k[[x1, . . . , xd]] be the defining ideals of Y, Y ′ respectively, and H ⊂ G the
stabilizer of m. Without loss of generality, we may and shall suppose that H acts
on k[[x1, . . . , xd]] linearly. Since IY /IY ∩ IY ′ is a nonzero H-representation, there
exists an irreducible subrepresentation V ⊂ IY with V ∩ IY ′ = {0}. Put
Pe :=
⊕
ni<1
k · xn11 · · ·xndd ⊂ k[[x1/q1 , . . . , x1/qd ]].
From Lemma 4.4, there exists an irreducible representation U ⊂ Pe which is dual
to V . (Note that Pe may not be an H-subrepresentation.) Then V · U ⊂ IY ·
k[[x
1/q
1 , . . . , x
1/q
d ]] contains a trivial irreducible subrepresentation V
′. From Lemma
4.5, V ′ is not contained in IY ′ · k[[x1/q1 , . . . , x1/qd ]]. Hence
(IY · k[[x1/q1 , . . . , x1/qd ]])H 6= (IY ′ · k[[x1/q1 , . . . , x1/qd ]])H .
It follows that φ is injective.
Now it suffices to show that every nonzero tangent vector on HilbG(M) maps to a
nonzero one on FBe(X). Take a nonzero tangent vector ǫ ∈ TZHilbG(M). With the
notation as above, ǫ is identified with a nonzero H-equivariant k[[x1, . . . , xd]]-linear
map
ǫ : IY → k[[x1, . . . , xd]]/IY .
We extend this map to
ǫ˜ : IY · k[[x1/q1 , . . . , x1/qd ]]→ k[[x1/q1 , . . . , x1/qd ]]/IY · k[[x1/q1 , . . . , x1/qd ]].
The image of ǫ on FBe(X) corresponds to the restriction of ǫ˜,
ǫ¯ : (IY · k[[x1/q1 , . . . , x1/qd ]])H → (k[[x1/q1 , . . . , x1/qd ]]/IY · k[[x1/q1 , . . . , x1/qd ]])H .
What is left is to show that the last map is nonzero.
Since ǫ is nonzero, there exists an irreducible representation V ⊂ IY such that ǫ|V
is injective. Again from Lemma 4.4, there exists an irreducible subrepresentation
U ⊂ Pe which is dual to V . Let V ′ ⊂ U · V ⊂ k[[x1/q1 , . . . , x1/qd ]] be a trivial
subrepresentation. From Lemma 4.5, the image ǫ¯(V ′) of V ′, which is a trivial
subrepresentation of ǫ˜(U · V ) = U · ǫ(V ), is nonzero. We have completed the
proof. 
Lemma 4.4. (1) With the above notation, for sufficiently large e, Pe contains
all irreducible H-representations.
(2) In addition if H is abelian and if for each i, k · xi is stable under the
H-action, then the preceding assertion holds for q > |H |.
Proof. (1) It follows from Bryant’s theorem [3] that for sufficiently large l, the
subset Ql ⊂ k[[x1, . . . , xd]] of the polynomials of degree < l contains the
regular representation. If Ql,e ⊂ k[[x1/q1 , . . . , x1/qd ]] denotes the subset of
the polynomials of degree < l/q, then Ql,e and Ql are isomorphic as H-
sets. Now we easily see that Ql,e also contains the regular representation.
If q ≥ l, then Ql,e ⊂ Pe and the assertion follows.
(2) If D denotes the set of all irreducible representations, the map α : D → D,
V 7→ V ⊗q has an inverse α−1. In particular α and α−1 are bijective. An
irreducible representation in Pe is the image of one in
P ′e :=
⊕
ni<q
k · xn11 · · ·xndd ⊂ k[[x1, . . . , xd]].
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Hence it suffices to show that P ′e contains every irreducible representation.
Again from Bryant’s theorem, every irreducible representation is of the form⊗
k · x⊗nii for some n = (n1, . . . , nd), 0 ≤ ni < |H |. Hence P ′e contains
every irreducible representations. We have completed the proof.

Lemma 4.5. Let I ⊂ k[[x1, . . . , xd]] be an ideal with
√
I = 〈x1, . . . , xd〉 and let
Pe ⊂ k[[x1/q1 , . . . , x1/qd ]] be as above. Then for f ∈ k[[x1, . . . , xd]] \ I and g ∈ Pe, we
have fg 6∈ I · k[[x1/q1 , . . . , x1/qd ]].
Proof. From the assumption
√
I = 〈x1, . . . , xd〉, we may replace k[[x1, . . . , xd]] and
k[[x
1/q
1 , . . . , x
1/q
d ]] with k[x1, . . . , xd] and k[x
1/q
1 , . . . , x
1/q
d ] respectively. Then, in the
case where f and g are monomials and I is a monomial ideal, the assertion is
obvious. Therefore we will reduce the problem to the monomial case. Fix a total
monomial order > on k[x
1/q
1 , . . . , x
1/q
d ]. This induces a total monomial order on
k[x1, . . . , xd], denoted also by >. Let x
mi , i ∈ 1, . . . , n, be the standard monomials
of I (that is, those monomials not in In> I), whose images form a vector space
basis of k[x1, . . . , xd]/I (for instance ,see [23, page 1]). Then modulo I, f is equal
to some nonzero polynomial f˜ :=
∑n
i=1 aix
mi , ai ∈ k. To obtain a contradiction,
suppose f˜g ∈ I · k[x1/q1 , . . . , x1/qd ]. Then
In>(f˜ g) = In>(f˜) · In>(g) ∈ In>(I · k[x1/q1 , . . . , x1/qd ]) = (In> I) · k[x1/q1 , . . . , x1/qd ].
From the assertion for the monomial case, this does not hold. The lemma follows.

The above results give nontrivial consequences both on the G-Hilbert scheme
and on the F-blowup.
Corollary 4.6. (1) The F-blowup sequence of M/G
FB0(M/G), FB1(M/G), FB2(M/G), . . .
stabilizes and leads to a modification ofM/G which is isomorphic to HilbG(M).
(2) The iterate Frobenius morphisms F eM/G, e ∈ Z>0 of M/G are simultane-
ously flattened by the modification HilbG(M)→M/G.
Proof. Direct consequences of Proposition 4.2 and Theorem 4.3. 
Corollary 4.7. The G-Hilbert scheme HilbG(M) depends only on the quotient
variety M/G. Precisely, if (G′,M ′) satisfies the same assumption as (G,M) does
and if M ′/G′ ∼=M/G, then HilbG(M) ∼= HilbG′(M ′).
Proof. Since FBe(M/G) depends only on M/G and e, the corollary follows from
Theorem 4.3. 
Corollary 4.8. With the notation as above, suppose that M is 2-dimensional.
Then HilbG(M) is the minimal resolution of M/G.
Proof. The corollary was proved in [12, 14, 16] in the case where for every g ∈ G, the
fixed point locusMg has codimension ≥ 2. (Although they worked in characteristic
zero, Ishii’s arguments [12] hold valid in positive characteristic under our tameness
condition.) Since the assumption that codimMg ≥ 2 does not give any restriction
on the singularities of M/G and since HilbG(M) depends only on M/G, HilbG(M)
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is the minimal resolution also in the general case. We have proved the corollary.
(If G is abelian, then M/G has 2-dimensional normal toric singularities and the
corollary follows also from Proposition 2.9 and Theorems 3.17 and 4.3.) 
Corollary 4.9. Let G ⊂ SL(3, k) be a finite subgroup with p ∤ |G|. Then for
sufficiently large e, FBe(A
3
k/G) is a crepant resolution.
Proof. This follows from the fact that HilbG(A3k) is a crepant resolution [2, 19]. 
4.2. Deligne-Mumford stacks. Let X be a separated and smooth Deligne-Mumford
stack over k. Suppose that X is tame, that is, every k-point of X has an automor-
phism group of order prime to p. Then X is locally expressed as a quotient stack
[M/G]. Following Abramovich’s observation, Chen and Tseng [4] verified that lo-
cally defined G-Hilbert schemes, HilbG(M), can be “glued” together and the result
is isomorphic to an irreducible component of Q(OX /X/X). Here X is the coarse
moduli space and Q(OX /X/X) is Olsson-Starr’s Quot algebraic space associated
to the structure sheaf OX (see [20]). Denote it by Hilb′(X ). Then there exists a
natural proper birational morphism Hilb′(X ) → X . Now it is straightforward to
restate results in the preceding subsection in this generalized situation.
Corollary 4.10. For each e ∈ Z≥0, the morphism Hilb′(X ) → X factors as
Hilb′(X ) → FBe(X) → X. Moreover for e ≫ 0, the above morphism Hilb′(X ) →
FBe(X) is an isomorphism. Hence Hilb
′(X ) depends only on the coarse moduli
space X.
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